Abstract-We investigate the behavior of a Wiener integral along the path of the scale factor as a function of a parameter for the Wiener integral about complex valued measurable function defined on the Wiener space which is frequently used in Quantum Mechanics.
In [2] , R. H. Cameron wrote the paper about the translation pathology of Wiener space (1954) .
In [1] M. D. Brue introduced the functional transform on Feynman integral (1972) . In [10] ,G.W.Johnson and D. L. Skoug proved the scale-invariant measurability in Wiener space(1979)}. In [7] - [8] , R. H. Cameron and D. A. Storvick, proved relationships between the Wiener Integral and the analytic Feynman integral to prove a change of scale formula for Wiener Integrals (1987) . In [11] - [12] , Y. S. Kim proved Relationships between Wiener integrals and analytic Feynman Integrals and proved a change of scale formula for the Wiener integral for cylinder functions on the abstract Wiener space (1998 -2001) .
In [13] - [16] , Kim proved relationships among the Fourier transform and the Fourier Feynman transform and the convolution on the abstract Wiener space(2006 -2016).
In [17] , Kim investigated the interesting behavior of the scale factor for function space integrals and a Fourier Stieltjes transform on the Wiener space.
QUESTION.
What is the mean of the transform and the change of scale for the Wiener integral ?
TARGET.
We re-interpret their papers about the change of scale and we investigate the behavior of a Wiener integral along the path C of the scale factor ρ(t) as a function of a parameter t > 0 about complex valued measurable function which is frequently used in Quantum Mechanics. From this query, we will find a very interesting behavior of the scale factor ( ) for the ( ) ( ) [ , ] A subset E of C [0, ] is said to be scale-invariant measurable if ρ(E) ∈ for each ρ > 0 and a scale-invariant measurable set N is said to be scale-invariant null if m(ρN) = 0for each . A property that holds except on a scaleinvariant null set is said to hold scale-invariant almost everywhere(s-a.e.). If two functionals F and G are equal s-a.e., we write ( For more details, see [9] .
Throughout this paper, let denote the n-dimensional Euclidean space and let C and and ~ denote the complex numbers, the complex numbers with positive real part, and the non-zero complex numbers with nonnegative real part, respectively. Definition 2.1. Let F be a complex-valued measurable.
Function on C [0, ] such that the integral J(F: r) = ( ) ( ) [ , ] exists for all real > 0 . 
where f: R^n → C is a Lebesgue measurable function and
In the next section, we will use several times the following well-known integration formula:
where a is a complex number with the positive real part (Re(a) > 0 ) and b is a real number and = −1.
III. BEHAVIOR OF A SCALE FACTOR FOR THE WIENER INTEGRAL.

Target of this paper :
We re-interpret their papers about the change of scale and investigate the behavior of the scale factor about functions :
which are frequently used in Quantum Mechanics. From this query, we will find a very interesting behavior of the scale factor and the change of scale factor for the Wiener integral!!
which is a Fourier-Stieltzes transform of a complex Borel measure ∈ ( ), where M(R) is a set of complex Borel measures defined on R. ∎ Notation Let
To expand the main result of this paper and to apply the Wiener integration formula and to prove the existence of the Wiener integral of F(x) in (3.1), we need to express F(x) as the function of the form: ( ( ) , ( ), … , ( )).
Lemma3.2.
Let F: [0, ] → be defined by (3.1) and (3.2). Then we have that
where is a countably additive Borel measure defined on ∆ ( ) × for each n=1,2,…n.
Proof. Using the series expansion of the exponential function, Proof. By the Wiener integration formula, we have that for real r > 0., 6) where the last equality in (3.6) can be proved by the mathematical induction. If we let r = , then for real ρ > 0,
∎ By the above result, we can investigate a very interesting behavior of the scale factor for the Wiener integral :
I. Behavior of a Wiener integral upon the scale factor Definition 3.4. We define the scale factor for the Wiener integral by the varying real number ρ > 0, such that
where G: R → C is a complex valued function defined on R. ∎
To investigate behavior of the scale factor for the Wiener integral by the graphical meaning, we need the following definition.
Definition3.5. We define the spectrum for the scale factor ρ > 0 of the Wiener integral by
In this section, we discuss the main target of this paper. We wish to investigate the behavior of the Wiener integral upon the scale factor ρ > 0 as a parameter t > 0 .
To investigate the behavior of the scale factor for the Wiener integral more precisely, we take some paths ρ(t) .which varies as a parameter t > 0 .
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(1). For a parameter t > 0 ,
(2) Whenever the scale factor ρ > 0 is increasing along the path ρ(t) = ( > 0) varying as a function of a parameter t > 0, the Wiener integral is decreasing :
(3) Whenever the scale factor ρ > 0 is increasing along the path ρ(t) = ( > 0) varying as a function of a parameter t > 0, the Wiener integral is decreasing :
It decreases more rapidly than the curve of a scale factor ρ(t) = ( > 0) (4) Whenever the parameter t > 1 is increases up to t = ∞ along the path of a scale factor ρ(t) = ( > 0), the Wiener integral is decreasing up to 0 : is an increasing function of a parameter t > 0 : 
is an increasing function of a parameter t > 0 : (9) . Now, we compare the relationship between the behavior of the Wiener integral which varies along the path ∶ ρ(t) = ( > 0) and the behavior of the Wiener integral which varies along the path ∶ ρ(t) = ( > 0) :
The Wiener integral along the path moves more rapidly than the Wiener integral along the path for a parameter t > 0. ∎ (a). Behavior of a scale factor ρ > 0 for the Wiener integral (1) . Define a function ∶ → by
Where ρ > 0 is a scale factor for the Wiener integral..
is a decreasing function of a scale factor ρ > 0.
(4). Whenever the scale factor ρ > 0 is increasing, the Wiener integral decreases very rapidly. (1). Whenever the scale factor > 0 is increasing along the path .
path ∶ ρ(t) = ( > 0) varying as a parameter > 0, the Wiener integral is decreasing :
(2) Whenever the scale factor > 0 is increasing along the path .
∶ ρ(t) = ( > 0) , the Wiener integral is decreasing :
It decreases more rapidly than the case of the path ∶ ρ(t) = ( > 0). It increases very rapidly than the case of ρ(t) = ( > 1) , whenever a parameter t > 0 is increasing, because
g(2) = and h(2) = and g(2) < h(2). ∎ Remark. When I submitted the paper in [11] , referee recommended to submit the paper to a more good journal, but I could not as I did not know the significant meaning of the change of scale for the Wiener integral! After then, I have had an effort to interpret the meaning of the scale more accurately. 
Proof. In (3.6), we have that that for real r > 0.,
Now, we prove the existence of the analytic Wiener integral of F(x). For r ∈ , let
which is a formula in the fourth equality in the equation (3.6). Let's show that is an analytic function of r ∈ . Let ∆ be any rectifiable simple closed curve lying in and let α = Sup{ : ∈ ∆} and β = { ( ): ∈ ∆} . Then for r ∈ ,
As is a bounded function of r ∈ , is a continuous function of r ∈ , by the Dominated Convergence Theorem. Moreover, by Fubini's Theorem and the Cauchy integral Theorem, we have that for r ∈ , Proof. By the definition of the analytic Feynman integral and by the dominated convergence theorem, the analytic Feynman integral exists and is given by ( ) [ , ] ( ) = lim → ( ) [ , ] ( ) 1) and (3.2) . Then for z ∈ , ( ) [ , ] ( )
Advances in Intelligent Systems
Proof. By the Wiener integration formula, we have that
• ( ) dm(x)
where the last equality follows from the Theorem 5.1. ∎ Now, we prove the change of scale formula :
Theorem 5.5. Let F be defined by (3.1) and (3.2). Then for real ρ > 0, ( ) [ , ] ( ) =
• ∑ [ , ] • ( ) dm(x). (5.8)
Proof. By (5.6), we have that for real z > 0, [ , ] ( )
• ( ) dm(x) (5.9)
If we let z = in (5.8), we can have the desired result. Those papers give me an excellent motivation about the new concept of the scale factor for the Wiener integral along the path of a parameter t>0 !!
